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Numerical simulations of optimal control applied to saturated capillary-porous materials subjected to convective drying
are presented. The optimization process is concerned with such drying parameters as drying rate, energy consumption,
and product quality. The thermo-hydro-mechanical model of drying is developed to describe the kinetics of drying and
to determine the drying-induced stresses which are responsible for damage of dried products. The effective and the
admissible stresses are defined and used to formulate the Huber-von Mises–Hencky strength criterion enabling assess-
ment of possible material damage. The method of genetic algorithm is used for operation with drying conditions in such
a way as to ensure minimum energy consumption and to get the effective stress less than the strength of dried material,
and thus, to preserve a good quality of dried products at possibly high drying rate. Numerically simulated optimal dry-
ing processes are illustrated on the examples of finite dimensions of kaolin-clay cylinders subjected to convective drying.
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Introduction

Drying rate, energy consumption, and quality of dried
products constitute the three common quantities usually con-
sidered for the assessment of drying effectiveness.1–4 Numer-
ical simulation of drying processes and their optimal control
with respect to these three quantities is presented in this arti-
cle. It is possible to control drying rate or drying time on the
basis of drying kinetics, or strictly, the so called drying
curves.5 It is possible to assess the net energy consumption
used for heating of drying body and for evaporation of mois-
ture on the basis of drying kinetics determined experimen-
tally and correlated with the theoretical one followed up
from the respective drying model.6 The quality of a
capillary-porous material after drying is stated as satisfactory
if the products do not sustain damage, that is, if the drying
induced stresses do not cause cracking or fracture of the
products.7–13 This mechanical effect is controlled by compar-
ison of the Huber-von Mises–Hencky strength criterion with
the admissible stress prescribed for the material at hand.

The distribution and time evolution of temperature, mois-
ture content, and stresses in convectively dried material are
determined on the basis of a thermo-hydro-mechanical model
developed earlier by Kowalski.14 The state of drying materi-
als is determined and controlled in such a way as to make
the drying process effective, that is, to assure high drying
rate, minimum energy consumption, and good quality (no

cracks) of dried products. The optimization procedure is
illustrated on the kaolin-clay material in the form of cylindri-
cal samples. The cylindrical form of the samples is used for
convenience in both experimental and numerical tests as
well as for theory validation.

The genetic algorithm method15 is used in this article to
simulate the optimal work of the dryer. This optimization
method is realized through programming of the computer
memory in such a way as to obtain a prescribed goal. A chain
of directives consisting of zeros and units are used to code a
prescription for getting the best solution of the optimized
problem. The action of the genetic algorithm consists of multi-
ple repetition of the following actions: estimation of adjust-
ment (looking for the maximal value), selection (choice of the
element which is the most profitable for the problem at hand),
crossbreeding (creation of a new element from two elements
originating from different populations), mutation (change of a
single element randomly chosen), and modification of initial
population (replacing an initial element by a new one if the
latter is better). Next, the genetic algorithm comes back to the
“selection” point and the procedure is repeated again to get
finally a satisfactory result. The work of the ventilator and the
heater in the drying set up was coded in such a way as to ena-
ble their usage in our considerations.

The elaboration of optimized drying processes with
respect to drying rate, energy consumption, and quality of
dried products is based on the thermo-hydro-mechanical
model of drying shortly presented in the section to follow.

Modeling

The drying model applied in this article is accomplished
under the following assumptions16–24
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� The dried material is an isotropic capillary-porous body
containing pores in an immiscible liquid-gas (vapor)
mixture.

� The body is deformable, however, the strains are
assumed to be small and their influence on the heat and
mass transfer is negligible.

� The phase transition of liquid into vapor proceeds close
to the thermodynamic equilibrium state, and the temper-
ature of the moisture and the skeleton in a given point
of the body are the same.

� The energy supplied to drying body due to microwave
radiation is proportional to the local moisture content at
a given moment.

� The stress in the moisture is represented simply by the
moisture pressure.

� The material coefficients existing in the equations of
mathematical model are, in general, functions of tem-
perature and moisture content in the liquid phase. The
influence of gas phase on body deformations and mate-
rial shrinkage is considered as insignificant.

� The drying process is considered as a quasistatic one,
that is, thermal and pressure shocks are excluded.

Moisture content

As it was assumed above, the moisture content in liquid
phase is the main parameter which decides on the mechani-
cal behavior of the body under drying. To develop the differ-
ential equation describing the mapping of liquid content in
drying body, the following balance of liquid mass is used14

qs _X
l
52div Wl1q̂l (1)

where Xl 5 ql/qs is the liquid content referred to the mass of dry
body, qs and ql denote the mass concentration (mass per unit
volume) of the solid skeleton and liquid, Wl is the liquid flux
with respect to skeleton (amount of liquid per unit area and unit
time), and q̂l denotes the rate of liquid transition into vapor.
Dot over symbols denotes the substantial time derivative.

Based on the thermodynamic rules, it was concluded14

that the moisture flux is proportional to the gradient of
chemical potential ll, which is a function of local parameters
of state such as: temperature T, strain of the porous body e,
and the liquid content Xl. In accordance with the above for-
mulated assumptions, we neglect the influence of small
strains on moisture transport, and write

Wl52Klgrad ll T;Xl
� �

(2)

where Kl(T, Xl) is termed the liquid transport coefficient
(mobility) defined as follows25–27

Kl T;Xl
� �

5
r Tð Þ
g Tð Þ f Xl

� �
(3)

Here, r(T) 5 75[1 2 0.002(T 2 273)] is the surface tension
of liquid on the interphase liquid/solid, g(T) 5 g0/
[1 1 0.053(T 2 273)] is the liquid viscosity with
g0 5 183�1025 (Pa s), and f(Xl) is a parameter dependent on
pore structure and liquid content.27

In several stages of drying, the parameter f(Xl) is sug-
gested to be of the form

f Xl
� �
f0

5

1 dla Xl � Xcr

u Xl
� �

dla Xeq � Xl � Xcr

0 dla Xl � Xeq

8>><
>>:

(4)

where Xcr and Xeq denote the critical and the equilibrium
(final) moisture contents.

It was assumed here that the parameter f(Xl) is constant
and equal to fo above the critical moisture content Xcr. Below
the equilibrium moisture content Xeq the liquid motion disap-
pears, so that f(Xl) 5 0. For the moisture content in the
range Xeq<Xl<Xcr, which corresponds to the falling drying
rate period (FDRP), the liquid mobility is described by a
continuously decreasing function of liquid content /(Xl)
(Figure 1a).

The rate of liquid change due to phase transition is
assumed to be proportional to the difference between chemi-
cal potentials of liquid ll(T, Xl) and vapor lv(T, Xv), that is14

q̂l52q̂v52- T;Xl
� �

ll2lv
� �

(5)

where - T;Xl
� �

is the phase transition coefficient dependent
on temperature and liquid content.

Here, we examine the drying body behavior until the mois-
ture in liquid form is totally removed. This is because only the
changes in liquid content involve shrinkage and generate
stresses causing cracks of dried body. The changes in body
temperature during drying are not so meaningful and hence,
insignificantly influence the body deformations. It was
assumed that the drying process considered here is a quasi-
static one and proceeds close to the thermodynamic equilib-
rium, which means that the chemical potentials of liquid and
vapor differ only slightly from each other. Then, we can write

lv5 12j Tð Þ½ �ll Xl;T
� �

and q̂l52x Xl;T
� �

ll Xl; T
� �

(6)

where 0� j< 1 is a ratio termed further as the coefficient of
phase transition efficiency (in thermodynamic equilibrium
j50), and x Xl;T

� �
5j Tð Þ- Xl;T

� �
is the intensity of phase

transitions.

Figure 1. Graphical illustration: (a) the liquid mobility coefficient, (b) the phase transition coefficient, as a function
of liquid content in drying body.
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We assume that in the constant drying rate period
(CDRP), the phase transition takes place mainly at the body
surface, where the evaporation proceeds as if from the free
liquid surface. The phase transitions inside the body in this
period are assumed as insignificant. The phase transitions
inside the body are of huge importance in the FDRP, so the
phase transition intensity is assumed to be of the form

x T;Xð Þ
x0 Tð Þ 5

0 dla X � Xcr

w Xl
� �

dla Xeq � Xl � Xcr

0 dla 0 � Xl � Xeq

8>><
>>:

(7)

Similarly as in the case of moisture mobility, the phase
transition of liquid into vapor in the range Xeq<Xl<Xcr cor-
responding to the FDRP is described by a continuous func-
tion of liquid content w(Xl)4,26 (Figure 1b).

Based on Eqs. 1 and 2 and the relation 5, and making use
of the developed form of liquid potential ll(T, Xl) with
respect to parameters T 5 Tr 1# and Xl5Xl

r1h, we can write
the differential equation describing the distribution and time
evolution of liquid content in drying body

qs _h
l
5Klr2 cT#1cXh½ �2x cT#1cXh½ � (8)

where #5T2Tr and h5Xl2Xl
r denote the difference of tem-

perature and liquid content with respect to some reference
state. Coefficients cT and cX express the derivatives of chem-
ical potential ll(T, Xl) with respect to temperature and liquid
content, respectively, and can be interpreted as thermodiffu-
sional and diffusional coefficients contributing to the liquid
motion inside the body. Recalling the assumption that drying
processes run quasistatically, we have neglected in Eq. 8, the
expression grad Kl � grad ll � 0 as small and insignificant.

Temperature

A differential equation describing the mapping of tempera-
ture in dried body is developed from the balance of energy,
which is of the form28–30

qs _sT52div q1 TslWl1TsvWv
� �� �

(9)

where s(T, Xl, Xv) 5 ss 1 sl Xl 1 sv Xv denotes the total
entropy of drying body referred to the mass of dry body, sa

is the entropy of constituent a, q is the heat flux supplied
through the body surface, and Wa is the mass flux of constit-
uent a.

Equation 9 expresses time changes of entropy caused by
the heat supplied to the body due to conduction and heat
transported with mass fluxes.

The heat flux is then written as follows14

q52KTgrad T2 TslWl1TsvWv
� �

� (10)

where KT(T, Xl) is the coefficient of thermal conductivity per
unit mass of the solid, and is expressed as a combination of
thermal conductivity in the skeleton Ks

T and in the liquid Kl
T

KT5 12/ð ÞKs
T1/XlKl

T (11)

where / denotes porosity.
Substituting the heat flux (10) into (9) and expanding the

entropy function s(T, Xl, Xv) with respect to the parameters
of state, we get

qscv
_T1qsT sl _X

l
1sv _X

v
� �

5div KTgrad T½ � (12)

where T(@s/@T) 5 cv 5 cs 1 cl Xl 1 cv Xv is the total specific
heat of the body and ca is the specific heat of constituent a.

For the FDRT, where the liquid flux disappears and the
vapor flux can be considered for small one, the second term
in Eq. 12 can be rewritten as follows

qsT sl _X
l
1sv _X

v
� �

5T slq̂l1svq̂v
� �

52lq̂l5l- ll2lv
� �

5lx cT#1cXhð Þ
(13)

where l 5 T(sv – sl) is the latent heat of evaporation.
Thus, the differential Eq. 12 for determination of tempera-

ture can take the form

_#5DTr2#2l
x

qscv
cT#1cXhð Þ (14)

where DT(T, Xl) 5 KT(T, Xl)/qscv is the thermal diffusivity.
Equations 8 and 14 constitute the complete system of

equations for determination of liquid content and temperature
distributions in a drying body, including the phase transitions
of liquid into vapor inside the body. These equations have to
be completed with the initial and boundary conditions for
the purpose of their explicit solution. Such conditions are
formulated in section Two-Dimensional Problem for the
cylindrically shaped sample dried convectively.

Stresses and deformations

Total stress rij in a fluid saturated porous medium consists
in general of the stress in the skeleton and the stress in the
pore fluid. Mostly, the stress deviator in fluid is considered
as much smaller than that in the skeleton, so the fluid stress
is expressed simply as the pore pressure. The equilibrium of
internal forces in a fluid saturated porous body is expressed
by stresses and gravity forces, that is

rij;j1qgi � 0 (15)

where rij denotes the stress tensor, q is the mass density of
the body, gi is the gravity acceleration (neglected in further
considerations), and index (,j) denotes differentiation with
respect to coordinate j 5 {x,y,z}. The inertia forces are
neglected here due to the assumption made earlier that dry-
ing processes proceed quasistatically.

The physical relation for elastic materials is convenient to
split into deviatory and spherical parts, that is

sij52Meij; r5Kðe2e TXð ÞÞ (16)

where sij5rij2rdij is the stress deviator, r5rij=3 is the
spherical stress, eij5eij2 e=3ð Þdij is the strain deviator, e5eii

is the volumetric strain, and M and K are the elastic shear
and bulk modules, respectively.

The temperature and moisture content involve the volu-
metric thermal-humid strain, which is expressed as

e TXð Þ53 j Tð Þ#1j Xð Þh
� �

(17)

where j Tð Þ and j Xð Þ are the, respective, coefficients of linear
thermal and humid expansion.

Substituting the physical relations 16 into the equilibrium
condition of internal forces 15, one obtains the differential
equations expressed in terms of strains, temperature, and
moisture content namely

2Meij1 Ae2cT#2cXhð Þdij

� �
;j
1qgi50 (18)
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where A 5 K 2 2M/3, cT 5 3Kj(T)
, cX 5 3Kj(X), and the ten-

sor of small strains is expressed by the derivative of dis-
placement ui

eij5
1

2
ui;j1uj;i

� �
(19)

Equation 18 after differentiating with respect to the coor-
dinate j and using 19 becomes the displacement differential
equation of the form

Mr2ui1 M1Að Þuj;ji2c Tð Þ#;i2c Xð Þh;i1qgi50 (20)

where r2 denotes the Laplace operator.
Equation 20 together with the differential equations

describing liquid content 8 and temperature 14 supplemented
with suitable initial and boundary conditions enable numeri-
cal calculations of drying kinetics and deformations of dry-
ing body, and indirectly the drying-induced stresses. This
complete set of differential equations, termed mathematical
drying model, will be formulated for the two-dimensional
(2-D) geometry of cylindrical shape.

2-D Problem

Stresses and deformations

2-D problem of drying refers to cylindrical geometry
expressed by the coordinates r, u, z. We assume axial sym-
metry, that is, the distribution of each function (moisture
content, temperature, displacement, strain, stress) is the same
in all cross-sections which pass through the cylinder axis.
Thus, all quantities are functions of two co-ordinates r and z.
The derivatives with respect to u disappear. This 2-D geom-
etry sufficiently describes the thermo-hygro-mechanical state
of real 3-D lump. The cylinder shown in Figure 2 will be
the objective of our further considerations.31,32

The state of strain in the cylinder is described by radial
and longitudinal displacements ur and uz, which read

err5
@ur

@r
; euu5

ur

r
; ezz5

@uz

@z
; e5

@ur

@r
1

ur

r
1
@uz

@z
(21)

Equations 20 expressed in cylindrical coordinates
(i 5 {r,z}) are of the form

Mr2ur1
@

@r
M1Að Þe2cT#2cXh½ �5M

ur

r2
(22)

Mr2uz1
@

@z
M1Að Þe2cT#2cXh½ �50 (23)

where !2 denotes the Laplace operator in cylindrical coordi-
nates, that is

r25
@2

@r2
1

1

r

@

@r
1
@2

@z2
(24)

The gravity forces are neglected in Eqs. 22 and 23 due to
the previous assumption that they are small in samples of
small dimension, as it is in the cylinder presented in
Figure 2.

Deformations and stresses in dried bodies arise as a result
of moisture removal and heating or cooling of the body.
There are no external mechanical forces acting on the sam-
ple surface during drying, so we assume zero-valued radial
and longitudinal stresses on these surfaces, that is

rrrjr5R5 2M
@ur

@r
1Ae2cT#2cXh

� 	
jr5R50 (25a)

rzzjz5H5 2M
@uz

@z
1Ae2cT#2cXh

� 	
jz5H50 (25b)

The other two boundary conditions assume zero-valued
radial and longitudinal displacements at the cylinder axis
and in the center of the cylinder, that is

urjr5050 and uzjz5050 (25c)

The circumferential stress for elastic cylinder reads

ruu52M
ur

r
1Ae2cT#2cXh (26)

The shear stresses for elastic cylinder are expressed as

rrz5M
@ur

@z
1
@uz

@r


 �
(27)

Shear modulus M and bulk modulus A can be expressed
by Young’s modulus E and Poisson’s ratio m as follows

M5
E

2 11mð Þ ; A5
Em

122mð Þ 11mð Þ ; 3K52M13A (28)

Poisson’s ratio is assumed to be constant and equal to
m 5 0.4. Young’s modulus on the other hand is assumed to
be a function of moisture content, as presented in Figure 3.

It was stated33,34 that kaolin-clay shrinks in the moisture
range from 0.4 to 0.2 (dry basis). Below the limit 0.2, the
shrinkage is insignificant. To take this fact into account, the
coefficient denoted by cX 5 3Kj(X) is assumed to be moisture
dependent, as is presented Figure 4.

Figure 2. Cylindrical sample during convective drying.

Figure 3. Young’s modulus as a function of moisture
content.
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Figure 4 includes two opposed phenomena, namely, that
the shrinkage decreases and the Young modulus increases
with the decrease of moisture content, and inversely.

The state of stress in the cylinder is fully described by the
following components of the stress tensor: rrr, ruu, rzz, rrz.
The overall effective stress is defined on the basis of the
Huber-von Mises–Hencky energy hypothesis, namely

reff 5
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rrr2rzzð Þ21 rrr2ruu

� �2
1 ruu2rzz

� �2
16r2

rz

q
(29)

The material failure can take place if the effective stress
exceeds the admissible one, which expresses the yield stress
or the strength of the material at given moisture content. The
admissible stress was determined experimentally by Musie-
lak33 for kaolin clay at different moisture contents. The
experimental data for admissible stress have been interpo-
lated by the following function

radm 5r01rX exp 2Crhð Þ (30)

where r0 5 9153 Pa, rX 5 7307 Pa, and Cr 5 7.
Figure 5 presents the graphical dependence of admissible

stresses on moisture content according to formula (30).
The failure of the material may happen in those regions of

the dried kaolin-clay cylinder where the material strength is
violated, that is, when

reff � radm (31)

As seen from the formulas 25,a,b, 26, and 27, the stresses
are dependent on temperature and moisture content. These
functions are determined in the section to follow.

Drying kinetics

Distribution and time evolution of liquid content and tem-
perature will be determined for both the CDRP and the

FDRP. Differential Eqs. 8 and 14 in cylindrical geometry
take the form

qs _h5Kl @2

@r2
1

1

r

@

@r
1
@2

@z2


 �
cT#1cXhð Þ2x cT#1cXhð Þ (32)

_#5DT
@2#

@r2
1

1

r

@#

@r
1
@2#

@z2


 �
2l

x
qscv

cT#1cXhð Þ (33)

The boundary and initial conditions for moisture and heat
transfer are as follows

grad h





 r50
z50

50;2Klgrad cT#1cXhð ÞjB � n5am hð Þ lvjB2lv
a

� �
(34a)

gradh





 r50
z50

50;KTgrad#j@B �n5aT #jB2#að Þ2lam hð Þ lvjB2lv
a

� �
(34b)

h r; z; tð Þjt505h05const ; # r; z; tð Þjt505#05const (35)

where lvjB and lv
a denote the chemical potentials of vapor

at the boundary surface and in the ambient air, am and aT

are the coefficients of the convective vapor and heat
exchange between the dried body and the ambient air, and
h0 and #0 are the initial moisture content and temperature,
respectively.

The conditions on the left hand side of 34a and 35b
express the symmetry in distribution of moisture content and
temperature with respect to the cylinder centre, while those
on the right hand side express the convective mass and heat
transfer between the cylinder boundary surface and the ambi-
ent air.

The coefficients of the convective vapor exchange am(h) is
a function of liquid content in the drying body and is
expressed in the form

am hð Þ
am0

5

1 dla h � hcr

b hð Þ dla heq � h � hcr

0 dla h � heq

8>><
>>:

(36)

Figure 6 presents the graphical shape of the convective
vapor exchange coefficient as a function of liquid content in
drying body.

The graph in Figure 6 suggests that the convective
exchange of moisture is maximum in the first stage of dry-
ing, say during CDRP, and then this exchange decreases
gradually and stops when the moisture content reaches equi-
librium with ambient air.

Figure 4. Dependence of coefficient cX 5 3Kj(X) on
moisture content.

Figure 5. Alteration of material strength with variable
moisture content.

Figure 6. Coefficients of the convective vapor
exchange b as a function of liquid content
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The chemical potentials of vapor at the boundary surface
and in the ambient can be written in the following form35

lvjB p;TjB; xjBð Þ5lv p;TjBð Þ1<TjBln xjB (37a)

lv
a p;Ta; xað Þ5lv p;Tað Þ1<Taln xa (37b)

where p is the air total pressure, < is the gas constant, TjB
and Ta are the temperatures, and xjB and xa the mole frac-
tions of vapor at the boundary surface and in the ambient
air, respectively.

In convective drying, the temperatures at the boundary
surface and in the ambient air do not differ much from each
other (say max 20 to 30�C), so that the thermo-diffusional
flux of vapor can be neglected, and we may write36

ljB2la5lv p;TjBð Þ2lv p;Tað Þ1< TjBln xjB2Taln xað Þ

� <Taln
xjB
xa

(38)

The driving force of convective vapor transfer is convenient
to write using the relative air humidity u 5 (pw/pwn)T and the
vapor partial pressure for the saturated state pwn, that is

ln
xjB
xa

5ln
pwjB
pwa

5ln
ujBpwn TjBð Þ
uapwn Tað Þ

(39)

The air relative humidity close to the surface of drying
body ujB depends on the sample moisture content. We
assume the following form of the air relative humidity at the
sample surface28

ujB5

1 for XjB � Xcr

12 12uað ÞXcr2XjB
Xcr2Xeq

for Xcr � XjB � Xeq

8><
>: (40)

In the above equations, ua and Ta (K) or #a (�C) denote the
relative humidity and the temperature of air, termed further
as the parameters of drying, and Xcr and Xeq are the critical
and the equilibrium moisture contents in dried sample
(parameters determined experimentally). Function pwn(T) is
given in the literature in the form of tables.5

Drying Control

Prediction of material damage

The numerical calculations of drying kinetics and stresses
were performed for the cylindrical sample made of kaolin.
The system of differential equations presented above was

solved with the finite element method applied to spatial
derivatives, and the discretization of time derivative was
made with the three step method of finite differences.

The following data were applied for numerical
calculations4

H540 mm R540 mm

Ks
T51:78W � m21 � K21 Kl

T51:597W � m21 � K21

cT53:6 m2s22K21 cX51023m2 � s22

f056310–7 kg s2m25 x052:531026kg � sm25

cs5728:5 J � kg 21K21 cl54186J � kg 21K21

am58:64 � 1025kg sm24 aT5150W �m22K21

qs51600 kg m23 <0 5 461J � kg 23 �K21

l52000 kJ kg 21 /50:5

The intensity of stress generation in materials during dry-
ing depends on the drying rate. Higher drying rate causes
greater nonuniformity in moisture distribution and nonuni-
form shrinkage, which is the reason for stress generation.

Figure 7 presents the curves of drying for four drying
processes according to the drying parameters appointed in
Table 1.

Analysis of the results given in Table 1 and the drying
curves presented in Figure 7 allows to state that the highest
drying rate corresponds to process I and the lowest one to
process III. Unfortunately, the high drying rate causes a non-
uniform moisture distribution and has an effect on nonuni-
form shrinkage and thus on stress generation. As it is given
in Table 1, the greatest effective stress corresponds to the
highest drying rate and the smallest stress to the lowest

Figure 7. Drying curves for different drying parameters
appointed in Table 1.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 1. Drying Parameters and Results of Four Different

Processes

Process
Number

Air
Temperature
#a (�C)

Air
relative

Humidity,
/a (%)

Time of
Drying until
hav 5 0.1,

t (min)

Effective
Stress

reff (kPa)

I 90 20 189 10.58
II 80 20 240 10.37
III 70 40 350 5.43
IV 70 10 315 6.49

Figure 8. Time evolution of maximal effective stresses
corresponding to the four drying processes
(Table 1)

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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drying rate. So, by intensive drying, the material damage is
highly probable.

Figure 8 presents the time evolution of maximal effective
stresses in point (r 5 R, z 5 H) of the cylinder corresponding
to the four drying processes appointed in Table 1 and drying
curves presented in Figure 7.

The essential information about the possible damage of
material during drying with different drying rates follows
from comparison of the plots presenting the time evolution
of the effective stress and the admissible stress simultane-
ously, which expresses the strength of dried material. Figure
9 presents the courses of the effective stress and the admissi-
ble stress in point (R,H) of the cylinder for the four proc-
esses appointed in Table 1.

It is obvious that the material strength of drying body is
evidently a function of moisture content, so it has to change
during drying. As it follows from the graphs presented in
Figure 9, in two cases, namely in processes I and II, the
effective stress was greater at some time than the admissible
stress. The moments when the effective stress is greater than
the admissible one can be just the moments of material
damage.

The graphs corresponding to processes III and IV reveal
some reserve of material strength with respect to the maxi-
mal effective stress. The material strength reserve informs us
that there is a possibility to accelerate the drying rate to
some extent. However, because of nonlinear mechanical
behavior of the material during drying, it is difficult to fore-
see how the stresses will be changed after the modification
of drying parameters. Therefore, to arrange a possibly high
rate of drying process, in which the material will not experi-
ence damage, it is necessary to carry out a number of numer-
ical experiments called the optimization procedure.

Optimal Process by Stable Drying Conditions

The goal of this section is to find the optimal value of
temperature #a for a given absolute humidity Ya of the dry-

ing medium (usually air) at which the drying rate will be
maximal and the drying material will not suffer damage. The
material is assumed to be elastic.

The problem was analyzed for four different values of
absolute air humidity Ya (Table 2). The algorithm of finding
optimal temperature #a for a given humidity Ya was as fol-
lows: the air was assumed to have the initial temperature
#a 5 70�C in each tested process. The procedure of finding
optimal temperature consisted of 20 steps. If during the
simulated process the effective stress exceeded the admissi-
ble one, which meant material damage, the calculations were
broken. The program automatically diminished the drying air
temperature and sequential calculations began in the next
step. If in the next calculations, the final moisture content
heq 5 0.1 was reached without exceeding the admissible
stress by the effective one, next calculations were realized
with increased temperature of the drying medium. In the
subsequent calculations, the temperature of the drying
medium was corrected with a more and more smaller value.
For the optimal temperature, #a was considered as one at
which the sample reached the equilibrium moisture content
heq 5 0.1 in the shortest time and without material damage,
that is, the effective stress was close to the admissible one
but not exceeding it. The optimal temperatures #a for a
given humidity Ya are presented in Table 2.

Figure 9. Time evolution of the effective and the admissible stresses corresponding to the four drying processes
at point (R,H) of dried cylinder.

Table 2. Optimal Temperatures of Drying Medium for a

Given Humidity (Elastic Material)

Process
Number

Air Absolute
Humidity,

Ya (2)

Beginning
Temperature,
#a (�C)

Optimal
Temperature,
#a (�C)

Time of
Drying
Until

hav 5 0.1,
t (min)

1 0.0099 70 62.90 364.5
2 0.02476 70 71.02 326.0
3 0.02977 70 72.70 316.5
4 0.07736 70 84.00 274.5
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Figure 10 shows the course of maximal effective stresses
and the admissible stresses during the simulated optimal dry-
ing with parameters described in Table 2.

Figure 10 illustrates the change of admissible stresses
expressing material strength during drying, and we see that
the material strength reveals a continuous increase in the
course of drying. The effective stress on the other hand gains
its maximum at some moment of drying time and then tends
to zero. The effective stress was calculated in the edge (R,H)
of the cylindrical sample, where it reaches maximal value.
As seen from Figure 10, the optimal drying process was run
in such a way that the maximal stress touched but never
exceeded the strength of the material, so the dried sample
was not damaged. Simultaneously, all the optimal processes
were carried out with possibly maximum drying rate for the
given humidity and optimal temperature presented in Table
2.

Effective drying process

An exact control of drying parameters is difficult to carry
out not only because of problems with precise parameter set-
ting but also because of inertia effects both in the drying
system and the measuring instruments. The instruments can
properly measure drying parameters such as temperature and
air humidity only in immobile drying medium. In movable
medium, the measurement of these parameters is less reliable
and has a pure theoretical meaning. Some solution to get
results having practical meaning is to formulate an optimiza-
tion problem based on numerical simulations which is help-
ful in finding an optimal drying process. Such a problem is
considered and discussed below.

Let us consider the problem of convective drying of a
kaolin-clay cylinder in a chamber dryer and find optimal
process through the controlled work of the dryer, namely,
through acceleration of the drying medium (air) exchange

with the surrounding by switching the fan on and off, and
through change of the medium temperature by switching the
heater on and off during drying (Figure 11).

An optimal operation of the fan F and heater H in the
dryer presented in Figure 11 was realized through the genetic
algorithm method. The temporary values of Ta and Ya are
substituted into boundary conditions 34a,b. using the relation
Ya5uapwn/(p–uapwn) Two-hour operation of the dryer is
described by the sequence of 120 pairs of 0 and 1.

The drying effectiveness is assessed by the evaluation of
such quantities as the time of drying, the quality of dried
product, and the energy consumption. The time of drying is
estimated on the basis of drying curves (see Figure 7 and
Table 1). The quality of a dried product is regarded as good
if the effective stress does not overcome the admissible one
at each point of the product (see Figure 10). Thus, we look
for the process offering low consumption of energy at good
quality of dried product and possibly short drying time.

To find such an optimal drying process via numerical sim-
ulations in this article, we have divided the procedure into
three stages. In the first stage lasting 25 min, both the fan
and the heater have worked together to ensure maximum
drying rate. In the second stage of 180 min, the operation of
the fan and the heater was controlled. At the end of the sec-
ond stage, one expects the moisture content in a drying body
to be low enough, at which the stresses generated by nonuni-
form distribution of moisture are small and cannot cause
material damage. So, in the third stage of drying, the fan
and the heater should be switched on again to maximize the
drying rate. The third stage is continued until the moisture
content reaches the equilibrium value with the surroundings,
here it is assumed to be Xeq 5 0.1.

Thus, to minimize the total energy consumption, the dry-
ing process should be arranged in such a way as to minimize
the duration of the third drying stage, in which the fan and

Figure 10. Courses of the maximal effective stresses rmax and the admissible stresses radm in point (R,H) of the
cylindrical sample for drying parameters presented in Table 2.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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the heater, that is, the big energy consumers work together.
It is possible to shorten the third drying stage through better
control of the process in the second stage of drying. By the
energy calculations, a difference in energy usage by the
heater and by the fan was taken into account, namely, it was
assumed that the power of heater is five times greater than
that of the fan. The optimizing program computes consump-
tion of energy and counts that every minute the energy con-
sumption increases five times if the heater is used, and once
when the fan is used. The objective function E, termed the
aim function, expresses the profit from optimal drying, that
is, it should take maximum for a given process. It was
assumed that possible profit for a given process is equal to
Er 5 700 units minus the costs of energy consumption Ec. So

the aim function E 5 Er 2 Ec will reach maximum when the
energy consumption will be minimal.

The problem was solved based on the mechanistic model
of drying for the kaolin clay considered as elastic material.

Figure 12 illustrates the action of the optimization proce-
dure with respect to the minimum energy consumption.

One can observe in this figure how the adjustment func-
tion has grown for the subsequent elements obtained with
the use of the genetic algorithm.

As it was mentioned in the Introduction, the action of the
genetic algorithm consists of multiple repetitions of the fol-
lowing actions: estimation of adjustment, selection, cross-
breeding, mutation, and modification of initial population.
Next, the genetic algorithm comes back to the “selection”
point and repeats the procedure again to finally get a satis-
factory result.

Figure 13 illustrates the selection of the best elements,
which are the most profitable for the effective process (mini-
mum of energy consumption).

The initial element of the adjustment function in Figure
13 was constructed through the casting method, and the next
were created through multiple repetition of the genetic
algorithm.

Figure 14 presents the results of optimization using the
genetic algorithm method.

As seen from the plot in Figure 14a, the drying curve for
the optimal drying process is not as simple as it is by

Figure 11. Scheme of the chamber dryer with con-
trolled temperature and air blow.

Figure 12. Action of the genetic algorithm.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 13. The fitness of the best elements for the
effective process.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 14. Optimal process: (a) optimal drying curve, (b) time evolution of the effective and the admissible stresses
corresponding to optimal process.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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conventional drying with constant drying condition.4 This
drying curve suggests that the optimized process required
periodical acceleration and a slowdown of the drying rate,
which is manifested by the waving drying curve. Only in
such a way, is it possible to prevent the drying material from
damage, as proved by the plots of effective and admissible
stresses presented in Figure 14b. The effective stress pre-
sented in this figure never overcomes the admissible stress,
which means that in such a process the material does not
suffer damage.

In conclusion, one can say that the effective drying pro-
cess ensures a reasonable drying time at possibly low-energy
consumption, and more importantly, preserves a good quality
of dried product, that is, the strength of dried material is not
violated as revealed the plots in Figure 14b.

Model Validation

The computer-simulated convective drying of cylindrical
kaolin-clay samples and the method of optimal control of
such processes through suitable choice of the drying medium
(air) parameters were presented above. On the basis of the
stress analysis in drying body, the spots of possible material
damage caused by intensive drying were predicted. The pro-

gram of changes of drying parameter at intensive drying was
elaborated on the observation of the mechanical effects
caused by such drying, whose results are presented in Figure
15.

Having in mind the optimization procedure of drying
processes discussed above, we conclude that each optimal
process should possibly begin with intensive drying. At the
moment when the effective stresses approach the admissible
ones, the parameters of drying air should be modified in
such a way as to slow down the intensity of drying. If the
intensive drying is not slowed down, the damage of the dry-
ing sample is highly realistic, which shows the photographs
on the right hand side of Figure 15. The pictures on the left
hand side of Figure 15 presents the distribution of function
being the difference between admissible and effective stress
(radm 2 reff).

On the upper right photograph (Figure 15a), the upper sur-
face of the kaolin-clay cylinder experiences cracks, which
appears after 30 min drying. In point (0, H), the radial
stresses rrr reach maximum at this time, that is, at early
stage of drying.

After 60 min of intensive drying, it is possible for another
crack to occur on the external surface in the middle of the
cylinder (Figure 15b). At this time, the effective stresses

Figure 15. Illustration of material damage during convective drying.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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attain the maximum value inside the cylinder, and the great-
est share in the effective stress has the shear stress rrz. In
such a case, the damage may occur inside the cylinder (not
visible from outside) or may cause crack on the external sur-
face of the cylinder, even along the whole circumference of
the cylinder.

The third picture (Figure 15c) was obtained when the dry-
ing process followed the prescribed optimal program up to
90 min of drying, and after this time the process was carried
out with maximum intensity. In such a case, the damages
may arise, similarly as in the previous case, that is, in the
cylinder’s interior as a result of big shear stresses rrz, and at
the bottom of the cylinder in point (R,0) as a result of big
circumferential stresses ruu (Figure 15c).

Conclusions

The high drying rate has a negative influence on product
quality, which is proved in Figure 9 (processes I and II). The
high drying rate caused violation of the material’s strength,
which is evidenced by the fact that the effective stresses
exceeded the admissible ones. In processes III and IV, on
the other hand, the effective stresses are far from the admis-
sible ones, which mean that in this case the drying rate was
too low. Thus, one has to look for optimal drying parame-
ters, which allow fast drying without violation of material
strength. Such optimal processes are presented in Figure 10.
In these processes, the drying rate is possibly high but the
effective stresses never exceeded the admissible once,
although they are close to each other as much as possible.

Based on the numerically simulated drying tests presented
above, one can state that the drying regime can be a severe
one at the beginning to involve a high drying rate. At the
moment when the effective stresses approach the admissible
ones, the drying conditions should be modified to slow down
the drying rate and to avoid damage of the dried sample.
Briefly speaking, the effective drying process needs continu-
ous control. Optimization of drying processes with respect to
minimum economic costs and/or minimum drying time
should take into account the mechanical state of a dried
material to protect it against destruction and bad final qual-
ity. The drying rates are allowed to be accelerated when the
drying induced stresses are small, and slowed down when
the stresses tend to overcome the strength of the material.
Such rigorous principles of rational control of drying are not
generally known, so there is a need for the formulation of
mathematical optimization procedure to find optimal proc-
esses followed by their experimental validation.
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Notation

A = elastic bulk modulus, MPa
cv = specific heat, J/kg K
cT = coefficient of thermodiffusion, m2/s2 K
cX = coefficient of diffusion, m2/s2

DT = thermal diffusivity, m2/s
eij = strain deviator, 1

f(Xl) = parameter dependent on pore structure and liquid
content, kg s2/m5

gi = gravity acceleration, m/s2

H = cylinder height, m
l = latent heat of evaporation, J/kg

K = elastic volumetric modulus, MPa
M = elastic shear modulus, MPa
p = pressure, Pa
q = heat flux, W/m2

r, R = cylinder radius, m
< = individual gas constant, J/kg K

s, sa = entropy, entropy of a-constituent, J/kg K
sij = stress deviator, Pa

t = time, s
T = temperature, K

u(ur, uz) = displacement vector, m
Wa = mass flux of a-constituent, kg/m2 s

xa, xn = mole fractions of vapor in air, 1
x, y, z = spatial Cartesian coordinates, m

Xa = dry basis content of a-constituent, 1
Y = absolute air humidity, kg H2O/kg dry air

Greek letters
am = coefficient of convective vapor exchange, kg s/m4

aT = coefficient of convective heat exchange, W/m2 K
/ = porosity, 1
u = air relative humidity, 1
j = coefficient of phase transition efficiency, 1

j(T) = coefficient of thermal expansion, 1/K
j(X) = coefficient of humid expansion, 1

eij = strain tensor, 1
e = volumetric strain, 1

rij = stress tensor, Pa
r = spherical stress, Pa, surface tension, N/m

q, qa = mass density, mass concentration of a-constituent,
kg/m3

q̂a = rate of a-constituent mass change by phase transi-
tions, kg/m3 s

la = chemical potential of a-constituent, J/kg
m = Poisson’s ratio, 1
g = viscosity, Pa s
x = phase transition intensity, kg s/m5

#5T– Tr = temperature difference, K or �C
h5Xl– Xl

r = moisture content difference, 1
Kl(T,Xl) = liquid mobility coefficient, kg s/m4

KT = coefficient of thermal conductivity, W/m�K
Subscripts

a = ambient air
av = average
m = moisture

adm = admissible
eff = effective
cr = critical
eq = equilibrium

v = volume
T = thermal
w = water

wn = water saturated

Superscripts
l = liquid
s = solid
v = vapor
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